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synopsis 

Thesis entitled, 'Mesonic CJhiral I^grangian 
Models with Iso spin Breaking', snhmitted hy 
ASK)K KUMAR KAPOOR in partial fulfilment of 
the requirements of the Ph.D, degree to the 
Department of Physics, Indian Institute of 
Technology, Kanpur 

May, 1974 

In this work report on some investigations of two 
Lagrangian models of broken chiral symmetry. The models 
p 2 ?ovide a unified framework for calculating various dynamical 
quantities including particle masses* The first of the two 
models is discussed in detail and forms the main part of the 
thesis. In this model the chiral U‘C3)<i^uC5) syrmmetry is 
chosen to he the basic symmelary for the Lagrangian. Iso spin 
violating effects are also included. The Lagrangian and the 
vacuum axe thus invariant under U(l)y(^U(l)Y only. 

In the second model all symmetry breaking effects are obtained 
ftom spontaneous breaking alone. 

The thesis is divided into six chapters. The first 
chapter is an introduction. In the second chapter the basic 
fields are introduced and Assigned to suitable representations. 
These are nonets of spin 0*” fields and vector and axial vector 
gauge fields whic^ are assumed to transform as (5f3*) 10 {3*>5) 
and (1,8) ^ (8,l) representations respectively. The lagrangian 
is chosen to be invariant under 11(3) 5) gauge transformations 
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except for two terms. The first one, a common mass term for 
gauge fields, is invariant under group transfometions with 
constant parameters. The second term breaks the symmetry 
explicitly and is assumed to transform as a component of the 
(3,3*) ( 3 *, 3) representation. Polar decomposition of the 

fields is performed and the physical fields are defined after 
considering field mixings and renormalizations. The particle 
masses are obtained in the tree approximation and most of 
the parameters of the theory are fixed through some of the 
experimental masses. 

The effective Lagrangian obtained in the second 
chapter is used to study mesonic interactions in the third 
chapter. The rates for two body decays T - PP, A -* T/P, 

S PP ard A SP and for three particle decays A -* 3P aid 
X® are studied. The scattering lengths and effective 

ranges for meson-meson scattering processes have been studied. 


In the fourth chapter the structure of cu3ncents is 


studied. 


The mesonic decay constants Pg-, P^, f 0 


aid. the decay form factors are discussed. 


The isospin violating effects on mass differences aid 
the decays P %, tO-*- and - 3 ii are studied in the 

fifth chapter. 
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In tbe sixtb and las*<? cbapter we studx a renorjaalizaT^le 
model of brolcen ohiral symmetry. The most important feat-ure 
of this second model is thaj: it is fully gauge invariant and 
renormalizahle, iEhe symmetry hreeking effects including the 
masses of all gauge fields are induced hy vacuum "breaking. 

This is achieved by introduc|.ng three sets of auxiliary 
scalar fields each transforming as (3,1) (1,3) representation 

of StJ(3) {^S[J(3). In addition to the usual vector and axial 
vector gauge fields the photon is introduced in a natural way 
and the induced ^ - GO and - 0^ mixings are studied. The rate 
for 60 - is found to be in agreement with the experiments 

in contrast with the first jpodel where P (^- 2rc) was rather 
large. The results on the lepton pair decays of the neutral 

■ t 

vector mesons are also in better agreement in this model. 



CHAPTER I 


HTTROPUCTIOH 


1 2 
Ciorrent Algebra with vector meson dominance and PCAC 

assumptions^ has been successfully applied to a number of 
processes. It was noted by V/einberg^ that current algebra 
results could be obtained from the a-model"'^ by taking the 
limit m^j -* It was subsequently observed by many authors^ 
that suitably constructed nonlinear Lagrangians also give 
current algebra results in the tree graph approximation. The 
lagrangian approach has the advantage of being simple and self 
consistent. Many assumptions made in current algebra calcula- 
tions can be tested in specific models. In the conventional 
Lagrangian approach*^ one is forced to introduce particles whose 
existence is not confirmed or whose properties are not known 

Q 

in detail, lor example ) the SU(3) version of a-model involves 
a nonet of scalar particles, \Vhen ther^ v^as little evidence for 
the existence of the scalar mesons, chiral invariant Lagrangians 
with only pseudoscalar mesons were constructed. This was 
achieved by assuming that the pseudo scalar fields transform 
linearly under SIJ(3) transformations but nonlinearly under 
chiral transformations^. It was noticed by many authors that 
effective nonlinear Lagrangians could be generated from the 
conventional linear Lagrangians by making chiral partners of 
the would be* Goldstone bosons infinitely heavy. As the evidence 
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for the existence of scalar mesons is increasing there is no 
need to eliminate them from the theory. 

It is very clear th.t chiral Su(3) ^ S[J(3) is not an 

exact symmetry, of hadrons since, for example, the axial vector 

currrents are Icnovm to he non-conserved. Either an explicit 

symmetry breaking term or vacuirn breaking or both may be used 

to obtain necessary symmetry breaking effects. If 33nmnetry is 

broken only by the vacuum the Goldstone theorem implies that 

there must exist some massless particles - the Goldstone bosons. 

The Goldstone theorem, however, fails to apply if the symmetry 

is extended to a gauge S3nmnetry and the lagrangien is made fully 

gauge invariant by introducing an appropriate number of gauge 

fields^ In this case spontaneous breaking manifests itself 

through some of the gauge fields acquiring mass. The Goldstone 

bosons become longitudinal -components of the gauge fields and 

disappear from the theory. Until very recently this mechanism - 

the ^Higgs Kibble mechanism - could not be used successfully to 

generate physical masses of the vector and axial vector fields 

13 

in the case of SU(3) X SU(3) model of strong interactions . 

In particular gauge fields coupled to conserved currents remained 
massless. To cure this a common mass term for gauge fields was 
added which, being gauge non-invariant, prevented the elimination 
of massless Goldstone bosons which intum, were made massive 

14 

by adding an explicit symmetry breaking term in the Iiagrangian . 
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The explicit symmetry breaking term 7/as usually chosen to trans- 
form as a component of the (3,3*) + (3*j3) representation^^. 

Other simple choices of symmetry breaking term transforming 
as a component of (8, 8)”*^ (1,8) + or (6, 6*) + (6*, 6)”^^ 

have also been studied. 

The first of the tv/o models*'^ studied in the present work 
is a phenomenological legrangian model of broken chiral 11(3) X 11(3) 
symmetry and forms the main part of tho thesis. The masses and 
interactions of spin zero and spin one mesons arc studied in tree 
approximation. Both the lagrangian and the vacutmi are assumed 
to be noninvaria.nt under the group transformations. The symmetry 
breaking is, at first, assumed to respect tho isospin symmetry 
but later the isospin breaking effects are also studied. Since 

PC) 

there is growing evidence for the existence of scalar mesons, 

21 

we donot follow the approach of Coleman Yfess and Zumino of 
constructing the chiral invariant nonlinear Lagrangions directly 
from pseudoscalar fields alone; instead we start with a 
Iiagrangian written in terms of lineary(transfoming scalar and 
pseudoscalar fields. The lagrangian is assumed to have the 
following features: The Lagrangian is fully gauge invariant 
except for ? common mass term for the gauge fields and an explicit 
synmetry breaking term. The common mass term is invariant under 
groTip transformations with constant parameters only. The expli- 
cit symmetry breaking term is nssimed to be linear in tho scalar 
fieilds and transforms as a component of the (3, 3*) + (3*, 3). 
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representation. We would, like to have the gauge fields coupled 
minimally to other fields. However, ±n order to explain the 
vector and axial vector masses and their decay vridths in the 
tree approximation some non-minimal interaction terms are 
included in the Lagrangian. in effective nonlinear Lagrangian 
is generated hy performing polar decomposition of the fields 
and is then used to study various processes. 

?/hile the calculations in the first model were nearing 
completion it was learnt that it is possible to obtain a common 
mass term for gauge fields through Higgs-Kibble mechanism . In 
the last chapter a model of chiral symmetry is discussed in 
which all realistic symmetry breaking effects, including physical 
masses for gauge fields, are obtained through spontaneous 
breaking alone The photon is included in a natural way in 
this second model. Ihe inclusion of photon induces ^ —<j3 and 
f - 0 mixings which are estimated after fixing most of the 
parameters of the theory from particle masses, in important 

25 

feature of this model is that the lagrangian is renormal izable 
and only (3, 3*) + (3*, 3) and (1, 8) + (8, 1) type of symmetry 
breaking effects are present in the hadronic interactions. Since 
couplings are restricted to renormalizable t3rpe, the .nonminimal 
couplings are not included. The decays of the spin one fields 
cannot be .described correctly in the lowest order. She higher 
order graphs may produce necessary corrections. However, we 
donot calculate the decays and higher order corrections to them. 
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The plan of the thesis is as follows. In the second 
chapter the basic fields are introduced and are assigned suitable 
representations. The basic lagrangian for the first model for 
the nonets of spin zero and spin one mesons is ?n?itten. Polar 
decomposition of the fields is performed and the physical fields 
are defined after considering field mixings and renormalizations. 
Most of the parameters are fixed through some of the particle 
masses and the remaining masses are predicted. The effective 
Lagrangian obtained in the second chapter is used to study mesonic 
interactions in the third chapter. The rates for the two body 
decays ¥-PP, A-TO, S^PP and A SP and for three particle 
modes k -* JS and are calciaated in the tree approximation. 

Finally the scattering lengths and effective ranges for 71 - it, 

K - ic and K - K scattering processes are calculated. The fourth 
chapter is devoted to study of structure of currents, the mesonic 
decay constants and the form factors.Ii^^he isospin violating 
effects on mass differences and the decays p -*■ nit, u-* 7t'^ii“ and 
n 5it are studied in the fifth chapter. The sixth and last 
chapter the Lagrangian for the second model is written down and 
particle masses are calculated and the p - w and p - 0 mixings 


are studied 



CHAPITER II 


ITHB EFFECTIVE MG-RAIGM AITD PAmCLE MASSES 


In this chapter the basic lagrangian for spin zero and 
spin one meson fields is written. Some of the scalar fields are 
assigned to have non zero vacuum expectation values. An effective 
nonlinear Lagrangian is generated hy performing the polar decom- 
position of the fields. Eield mixings and renormalizations are 
considered and the physical fields are defined. Ihe particle 
masses are obtained in tree approximation. Some of the experi- 
mental masses are used to fix all except two parameters of the 
model, The scalar meson masses are predicted. 


2,1 Eield s and the lagrangian : 

The basic S 37 mmetry group of the model is chiral U(3) X U(3) 
a general transfoimstion of which is represented by the unitary 
operator, 

^ = exp (- i S ^ ^ 

k— 0 


The meson matrix, 


M' = 


1 

w 


8 

S 

k=4D 


^k 


+ iVv)» 


of scalar and pseudo scalar meson fields u^ and v^-.belengmg to 
the representation (3,3*) + (3*, 3), transforms as 

/l( M U'*' = M Uj 
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where, 


U-r 


and 



exp 


8 

(i 2 
k=1 



exp 


8 

(i S 
k=1 






^o/2) 

^k ^k^^^ exp (i Xq/2) 


She S3nniiie'fcry is extended to a ^uge symmetry by introducing 
the gauge fields , (k = 0,1,..., 8) transforming as, 

'U xj' 0^+ = Sj, n+ - ^ Uj, 8„ 0+ 

^Axy’°^‘^= 3^»° + -L ay 

Sq ° 

where, 



JL 

2 


8 

S 

k=1 


X 


-l,k 


with similar equations for xj and Xp»° . The parameters 
g and g^ are coupling constants for the octet and singlet gauge 
fields. In order to preserve parity the coupling constants for 
the left handed and the right handed gauge fields are chosen to 
be same. 


The lagrangian density is taken to be the following: 

1 == % + + I'uon.min, ■** ^S.B. ^2.1) 

^ - -1- Tr (Dy By M) - ^ (W^ + ) 

< 2 , 2 ) 
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where. 


Dy M = a^M - ig (Z^ M - M ) - 


•; O' — ^ ^ ^ y ^ T ' 


Wg = Tr (M"*!,!) 


= 'Dr (M% H%) 


T,A 


1 rn-f» /‘Y^ Y^ 4. Y^ ^ 

^ -Lo. v-^yv -^yv ^ “^yv yv ' 

Ir (sj + X® ) 

^ m| (Tr (xj' - X^ ))^ 


(a.5) 


where , 




1 


8 


2 ^ 

^ k=0 




■*■2 ^o 


^ 3 ^; - is [^ .x^] 

jR R 

and we have similar expressions for X^ and X 


X 


-L,o 


non. man, 


= 1 Tr D^i D^M+ + D„M+ B^M) 




hr 


Tr 


(X^^ M 3^ Up 


[2,4) 


The first term in is needed to explain the decays of 

axial vector mesons while the last tvra terms are necessary to 
obtain physical nasses for the vector and axial vector mesons. 


S.B. 


^ (det M + det M-*! + | Tr (A (M + M'^) (2.5) 
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v;here , 

^ = 72 \> * H >‘8 * ^3 ’‘ 3 ^ 

( 2 . 6 ) 

In Lc, T 5 "the first term is not invarjant only tinder 

o« 

ninth axial transfoimations. The second tern} brealcs the 

S3mmetry further to SU(2)j X U(1)y X UCl)^ 

U(l)j X U(1 )y X U(l)y in the two cases a^ = 0 and a^ 0 
^3 o 

respectively. 

2 , 3 Field Mixings, Renormalizations and Particle Masses : 

For the time being we ignore the iso spin breaking effects 

and take b = a (a^ = O) upto Chapter IV. In Chapter V we will 

consider the isospin breaking interactions. Assuming n = < >o 

22 

we can perform the following decomposition, 

M = e** eii** (n + 2) o'" (2.7) 


a 0 0 
0 b 0 
0 0c 


where , 


n 



^o ^8 ^8^ 


a 


0 Of 


0 a 0 


( 2 . 8 ) 


0 


0 r 
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2 — ^ ^0 N ^2 ^2 ^3 ^3 (2*9) 


X = 



0 



( 2 . 10 ) 

( 2 . 11 ) 


where the new field,? o’s and 0*s are assumed to have zero 
vacum expectation values. 

Using the eq.uations (2.7) - (2.11) the original fields 
u's and v's may he expressed as power series in the new fields 
PC'' s and 0’s. For instance the pseudo scalar fields v's are 
given hy, 

\ = 21 < 2 . 12 ) 


Now, 

M = e^^ e^^ ( n + 2) e^^ 

= e^^ { ( n + 2) 4- i [( n + 2) , 0] ^ 

2 

+ "fr L& + ^ + 

and 

= e^’^{(n+ 2) - i {:ti+ S, 0]_j_ 

+ It [& + s, 03^ + ...> e-^’' 
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2i 


(M - M+) 


{& + 0 j + 

- 3 V ■*■ 0l+-° 01+’ 0T + 

+ ...1 (2.13) 


From (2.12) and (2.13) 


= Tr ( e 


A, 

IX k -XX 

T2 ® 


{[jij 0J+ ■*■ 0^ 



[lDf + 2 , 01 10.1 



(2.14) 


Assnming tbe transformation from u and v fields to a and 

0 fields to be canonical the term linear in 0^^ in Sq. (2.14) must 

have its coefficient eq.ual to 1. This fixes up the constants 

f^ . The constant f_ is similarly fixed by expanding Ug- as a 

0 k K 

power series in o and 0 fields. Thus we havej 


and, 


Vk 


= 2 (a 

-y) 


{'2 a 

1 

jU + Y 

for 

1: = 1,2,3 

for 

k = 4, 55 6, 7 

^^2(a + 2y)/5 
■^2(2a + y)/3 

for 

00 

II 

for 

0 

II 

AS 


(2.15) 


(2.16) 


Eq,. (2^7) expresses M as a gauge transfoim of (n +2). 

I^erforming the ^jne transfornation on the gauge fields and 

•> 

defining s 


V 
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fields ’4’^ and given ly, 


we bavG nev«r gauge nexus ly' -^v 


(2.17) 


y1>o_ 

1 

o 

«<» 

1- 

2^0 

,3. 

J 2 

Ir (6y 0) 

■•"R 

K = 

*R 

SrY® 

Q+ 

b ^ ■ 

X 

ig 

^ 


y|’° + 

1 

■ 2g, 

s. 

12 

Tr (Sp 0) 


(2.18) 


Ustog equations (2.7) to (2.11) and (2.18) we oMaln tHe 
lagranglan for the new fleMs. In the part of the tegranglan 
fully gauge Invariant under coordinate dependent transfections, 
the fields B. X^l and X? are replaced hy p ^ (u + S) ■ ^u “1 
, respectively. Ihus we teve, for the lagrangian: 


1 = 

% 

+ 

A ^non.min. ^S, 

B. 



etc. 

5 written in terms 

of new fields, 

% 

= - 

~ Ir 
2 

(D^ DyP) 



- 

1 2 
2 

(Tr ( P P ) + v^Tr 

(P%P'*'P) 



+ Vg 

0?r( P’^P))^) 



( 2 . 19 ) 


where. 


p5l1+S , 
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p = aj, p - ig p - pi® ) 


iSo - 
1 / 


( 


O TT''^ J o 


rp’")p 


” Tr (T^ + 1^“ ) 

^ '^^pv -^yv pv pv ' 


- (2)r (X^; + C^ )2 + Tr + C? ) ^ ) 


V, V. 


A„ ./3 


- V-I*”MnY^°- -TrC9^«) 


2 (2.20) 


to those for 


■^jE. 

and 

ylijE 
^ pv 

are 

given hy 

expressions similar 


1 

® and xjlj® 


and 




_L 

ig 


Sj, 

= 

J_ 

ig 

-10 


ep(e« e^!^) 


1 

ig 


Sa 

= 

ig 


e-^* 

a„Ce“ 

(2.21) 

min. 

= ih„ Tr 

0 

(y^ 

V ^pv 

D 

y P Dv 

P^ 


\P) 

- 

T 

T 

yL 

pv 

P+P + 

yR 

pv 

yS- P”^ p ) 
pv ' 


— 


0 

^ -^pv 

P+) 



( 2. 22) 


Pinally, the synraietry hreaXiag teim becomes, 

Ig g = -|- exp (2i Tr (0)) det p + h.c. 

+ ^ ojr (A (Sj, P Sj^+ + P"*" Sj)) (2.23) 

* C?* and are expressed as power series in x and 0. hy 

making use of the identity 

e"^^® = ipti 0 + &» -I- L0»te, dyOll' 

and a sOTilar relation foX dp 
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The Iiagrangian has linear terms in the fields and Og 
coming from the polynomial in p fields in expression (2.19) and 
frcan the symmetry breaking term (2.23). Substituting p = n + 2 
in these terms and collecting linear terms in 2 fields we 
obtain , 

- Uq C Cn + ^) ^ ■'''I (n + 2 )'^ 

+ V2 (5^^ Cn + 2:)^)^J + (exp(2i Tr(0) + h.c.) 

X det (n + 2) + -^Tr [A (n +S) S'^j^ + 

+ ASj^(n+E) Sj3 

= - ^ Vq [2 Tr (n2) + 4 Tr (n^ 2) 

+ 4 V2 (Ti^).Tr ( n 2)J + X det Tr(n“^ 2) 

+ Ur (AE) + ... . 

In order that VEV's of and ag fields may vanish, we 
must lB.ve, in tree approximation, the coefficients of and 
Og eq.ual to zero. This gives two eq.uations which can be 
written as, 

( n + 2 + 2 vg Tr ( n^) Ti ) 

= A+xn"^ n (2.24) 

The vector and axial vector fields, 

= I 

V ^ ^ 
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have mixings v/ilih ihe scalar 
from the terms of the type 


and p seudo scalar fields coming 
. SyO and -Sy 4> . lo 


remove these mixings ’.ve wite, 


Y 




V 

= y," - ^ "l 


(2.25) 


and 


k 


” ^1 ‘'v 


8„ 0 


and determine the C's from the requirement that there le no 


„ . ¥ a a and / a 0. nov; define renormalized; 

mixirg of type y^ - o^a ana y^ . ^ 


¥ „ _A 

vector and axial vector fields "by the eq.uations, 
■yl^ — . k = I5 ...J 7 


V 

^k 




(2.26) 


- H 


k = 1 j • 


7 


and determine tbe Z'S from the requirement that the fields % 
and \ have standard klnetie energy coefficients. We obtain 

using particle symbols as siihscripts, 

2 

= 1 + (h.| + hg) a 

z"^ = 1 + h, (a^ + y^)/ 2 + hg aY 

K* ‘ 

Z7'* = 1 + (h.^ - hg) 

^1 = 1 + h.j (a^ + - hg a Y 

and the sq,uared masses of these particles are , 
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= r^o ■ C'^ z * 

K ^ K 

“a, = (“o + ^ 

“if = Cl»2 + g2( ,J +t)2 /2] 2L 

A 

If the bilinear terms in the 8th and 0th vector and 
axial vector fields are written as, 


s 

i j D > 8 

r- ^ 

L 4 

(9p 


■j) (Vij 



1 

2 


^<>13 H 

+ Y - 


in ve: 






ii 

CO 

00 

M 

^w* 

1 + 

(b^ 

+ h2)(a2 

+ 2 y2)/5 



1 + 

(hi 

+ hg) (2a 

^ + T^)/3 


II 

00 

o 

> 

(V 

'80 ' 

= f (h^ ^ 

^2^ (a^ - 

v2) 

(Hf)y = 

m2 

0 

^iD 




(%)88 = 

1 + 

(hi 

- hg) (a^ 

+ 2 y^)/3 


II 

o 

o 

M 

1 

(hi 

~ hg) (2a‘ 

- Tf2)/3 


{c 

o 

OD 

II 

(K^) 

80 " 

= ^ (hi - 

■ hg) (a^- 

t^)/3 


2 

m + 

AUo -r 

2g^ 

■ (a2 ^ 2 . 

'^)/5 
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= “o (1 + + 2 g2 (2a2 + y^)/3 

(H|)gg = {K|)og = gg„ (cv2 _ yS) (2.27) 

She mixing protlen. for various raultiplets is discussed in the 
Appendix A. For the vector mesons the renormalized masses are, 

m^ = ^0 / (1 + (ti., + hg) ni| = m^/ (1+(h.j + h^) y^) 

and the mixing angle has the 'nonet* value 

tan 2d = 2f 2, 9 = 35.5° 


The renormalized scalar and pseudoscalar fields are 
defined hy equations similar to Eq, (2.26). The renormalization 
constants and masses for the pseudo scalar and scalar mesons are, 

2^ = 1 + 2g2 / m^ 

Zg- = 1 + (a + y)^ / 2m^ 



Zg- (a+c)/(a +y) 




1 + ( c - Y ) ^2 


m 


% 


Uq ( Vq - 12 V.J ) - X a 




(a-c)/(a-Y) * 


The mass squared matrix for the 8th and 9th pseudo scalar mesons 
is 

(m|)88 = + 2cy )/3 f|^ 



18 


(m|)oo = 4-(2aa + c Y )/3 + 3^ a/fo 

^^‘^1^08 “ CY)/(fl8 f0j 

The kinetic energy matrix for these mesons is, 

K = K' - (MJ^) 5 (2.28) 

where j 

(K)88 = 2m2/g2 f|^ ^ 

(K)o8 = (K)3^ = 0, 

(5)gg = ^f2 m^/gf0^ , 

where and are given hy Bqs. (2.16) and is inverse 
of the unrenormalized mass squared matrix for 8th and 0th 
axial vector mesons (see Eq. (2,27)). 

2.3 Determination of Parameters ? 

Most of the parameters were determined through experimental 
masses. The crucial parameter 5 = o/y , characterizing the 
relative strengths of breaking of SU(3) and of SU(3) X srj(3) by 
vacuum was varied in a suitable range, For each value of 6 
the^nme parameters , Xy , v/v^, m^, gy, g^g, 

h^Y and m^/m^ were fixed by a least square fit to the twelve 
masses of the vector, axial vector and the pseudoscalar mesons^^. 


(K)oo = 2(m2 + m|)/g2 f|^ , 

(5)oo = ± 0 ^ 
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Then nig and idq were calculated and were found to bo sensitive 
to value of 6. Por 6 =0,84 best overall fit was obtained for 
the mesonic masses. The values of various parameters for 
6 =0.84 are, 


2 

^o'^o 

2 

= - 4.64 m 
% 

2 

, Xy = 8, 84 m^ , 


= 1.06 

^0 

= 0,668 m 

P 

> gy = 0.703 mp , 

So/S 

= -0.95 

h^ 

= -0.658 , 

h^y^ = -0.058 , 

V»o 

= 0.99 


The calculated and experimental values^"^ of masses of the 

vector axial vector and pseudo scalar mesons are given in Table I. 

The masses of and Sg- are predicted to be 949 Iuc7 and 1025 MeY 

respectively. We identify these particles with the resonances 

iCjj (980) and Kjj-(1080). The masses of and depend on an 

additional parameter vo a^ad we list below values of m„ and 

m for some values of v„, 

S 2 

n 


V^o 

m- 

m 

n 

- 0.2 

1054 

374 

- 0.1 

1060 

561 

0.0 

1068 

694 

0.1 

1083 

798 

0,2 

1107 

878 


Por rest of the discussion we assume V 2 “ 0 and identify 
and with S*(1060) and 8(700) resonances respectively. 



Table I; Meson masses in MeV 
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The pa 2 ?ameters 6 ®'q/® 0 ^ characterize 

the relative strengths of the breaking of the SU(3) and 
StJ(5) X SU(5) symmetry by the vacuum and by the lagrangian are 
given by, 

e = f2 (a - c)/(2a+c)= -1.25 

5 = -^2 (a - Y)/(2a+Y)= -0.084 

The value of 6 is same as obtained by Gell Mann Oakes 
and Renner^ and is close to the SU(2) X 30(2) value - f 2 
The value of g is close to the S0(3) value 0 Thus for vacuum 
30(3) IS an approximate symmetry while for the lagrangian 
30(2) X S0(2) IS a better symmetry as compared to 30(3). These 
conclusions are in agreement with recent studies of chiral 

pQ 

symmetry breaking using Iferd identities and other lagrangian 
models 



CHAPTilR III 


LOW ELTER&Y ME SONIC BlgERA.CIIOi^S 

The effective Lagrangian obtained m the previous chapter 
IS used to study the strong interactions of mesons. We first 
consider the meson decays with two and three particle final state. 

The lovf energy parameters for the pseudo scalar meson-meson 
scattering are calculated. All the above mentioned calculations 
are done m tree approximation only 

3.1 Two Particle Decays of Mesons . 

Por the decay process, 

A B + 0 
the width IS given by, 

r(A-B + 0) = (SJ ^ (3.1) 

where and are mass and spin of the decaying particle and 

^c.m, center of mass momentum of the final particles and 

IS given by, 

’"Im = C“| - (“b - (“b - (5.2)1 

and m is the S-matrix element defined by, 

< BC I S 1 A > = i(2it)^ SCpj^-Pj-Pq) “^^^2 



(3.3 
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Ther0 are two more parameters g and to be fuced before 

we csan calculate the rates for two body decays of mesons The 

value of g IS fixed using the and the Kt decay rates in 

2 2 

the following way. 

The ratio does not involve any new parameter and 

IS predicted to be 1.04 (see Section 4.2), for 6 = 0.84. The 
rates r (it - uv) and r (k -► vv) are given by, 

r (it - uv) = ^ oos mg ( l_mg / M^) 

2 

r (K - yv) = — ^ (Pj^ sin 0^)^ M^- m^ (l-m^ / m|) 

8jt 

Using the experimental value s^*^, 

t(‘rc -♦ yv) = 2,605 X 10“^ sec”^ 
t(K -* yv) s= 1,937 X lO"® sec"'* 


for the lifetimes we obtain. 


I*. 


( ^ tan 0* ) 


I’ 


% 


'A 


0 775 


From above Eg., and F^/E^ = 1.04, v/e get, 

tan 0^ = 0.26 


Using this value for the Cabibbo angle 0^, we obtain 

= 95*5 MeV from r(ic ** yv) , The parameter ga and Z arc 
already known and a ( ^ F^ 2^2 ) is now known. This gives 

g2/4„ = 
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Using this value of g wg can calculato the widths for the 
V -► PP and A -» "VP decays and are given (in MeV) , as function 


of h( = - m^ h^/g) 

i>y, 



r ( p 2ic) 

= 

84.0 (l+2.47h 

+ 1.49h^) 

r (K* - Ktc) 


26 7 (1+3 07h 

+ 2.32h2) 

r(0 - KK) 

— 

1.37 (1+1. 94h 

+ 1.77h^) 





r(A^ -* It) 

= 

123.0(1-4. 14h 

+ 4.20b^) 

r (K - rt) 

= 

79.4 (l-4.82h 

+ 6 11h^) 

r (s - k\ 

+ f\) 

= 64.7(l-7*67h+14.7h^) 


Ibeso rates are given in Table II for some values of h. 
Overall good agreement with experiments is obtained for h =0.1. 
The width for K* -* Kit is, however, small in the range 0.02 ~ 0*18 
for h. 

Widths for allowed two particle decay modes A — PS and 

S PP are calculated for h = 0.1 and are given m Table III. 

« 

In the case of axial vector mesons and Kj^ widths for two 
body decays are not known at present. The total widths for 
three particle decays A^ — and -* Ktvu will be calculated 
in the next section and will be compared with experiments 
r (E - Ttjj'jc) is to be compared with experimental value 34.5 + 5, 

Experimentally r ^ n tc) =50 + 10. Eor other scalar 
mesons the widths are not known accurately. Total widths of ^ 
and e are very large. For S ( 1060) only the total width is 



Table II 7 -* PP and A — "VP Decay Widths (m MeV) for Some 
Values of h 
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Table Ills S - PP and A -> SP Decays. 


Decay Width (lieY) 


% 

•-> 

TiTC 

31.5 

% 

— > 

Kic 

9^.4 

e 


TCIt 

38.6 


— ♦ 

%% 

54.7 

s* 


KE 

26.7 

^1 


6ic 

28.5 

^A 


Sg;TC 

33.5 

% 


GE 

4.8 

D 


%-rc 

8.5 

E 


ItjjtC 

44.0 

D 


Gn 

6. 1 

E 


Gn 

17.4 
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known to be 60 + 20 and tbe branching ratio r ( KK)/r(S -*■ tcu) 
IS not known 

Parametrizing the -► pir matrix element as, 
m (A^(q) (k) + te(p)) = gg £p -I- g^(£j^.k)(£p.Q) (3.4) 

we have. 


gs = 2 “ “"a, " 


A.piT: 


^ 1 1 
) - 2 


A. PTE 


A . pTE 

g^. “ ^^2 


g 


A^PIE 


) 


(3.5) 


A.pic A^px 

where the coupling constants g^^ and are defined in the 

Appendix B 

Numerically we have 0^ = m| g^/gg = -1.66. This is 

to be compared with the value -2 obtained from field algebra 

30 

and KSRP relation. In our model the KSEIP relation does not 
hold (see Section 4,2) and this may be the cause of the deviation 
in the value of G« from the field algebra value. In the 

^ pTt 

PQ 

linear lagrangian model of Bhargava ^ 0, = -1 v/hich means a 

A^pTE 

larger value for g^. This may be due to an extra coupling 

term A^ ^ xx contributing to which comes from 

- A Tr (D^ m\ Dyu. M) term in and is absent in our model 

Most of the theoretical studies of A^ pX system favour a dominant 

s-wave decay ^"^Some theoretical models favour a predominant 

d-wave decay. The p - x angular district ion measurements^^ 

give, 
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^ IgT/gj,! = 0.48 i 0.12 (3 «) 

where, g^i and gj^ are related to g^ and g^ hy, 

gg = gi , Sa = Si, - J!p 8 t/"a^ 

To satisfy (3.6) G« must obey either of the two inequalities 

A ^ 

-0.05 <0, .„ < - 0 03 

pic - 

0,08 < G« ^ < 0 22 

— A.J pic — 

These results are compatihle neither with dominant 

34 

s-wave nor with dominant d-wave decays. Some attempts have 
been made to understand these results hy, modifying the hard 
pion approach. 

Por h.j = hg , h = 0 we get, 

Ss = /\ . gfl = 0 (5.7) 

if we use KSKF relation Equations (3.7) are the soft pion 
results of Renner^^ and of Geffen^^. The soft pion values for 
gg and g^ predict a large ( 600 MeV) width for A.^-decay, 

Improved results have been obtained by using Iferd identities 
for three point vertices^"^. In the dispersion theoretic forma- 
lism the soft pion result follows if all form factors are 
assumed to obey unsubtracted dispersion relations. This assump- 
tion has been criticized by a number of authors who obtain the 
Improved results by using once subtracted dispersion relations 
for some of the form factors. 
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3^ 2 Decays with Three Particle Eixtal State 

Ve now consider the three hody decays of type, 

A(Q) - B(q^) + OCqg) + 

Let, 

< BOD 1 S 1 A > = i(2!c)'^ 6^ (Q - 4^ - qig " V 

( 27c) 


m 


X 


V l 6tOQ OJg 


The width is, then given hy^^, 
r(A - B+C+D) = — i 




wmax 

^ *"2 / 


(0 


=^17 E l~l 2-; 
'A ' spins 

(5 8 ) 


where , 


m| + m| - (M^ + M^) 


%ax 


2 M, 


and are the two roots of the quadratic equation 
2 

xu+yio+z =0 

where , 

X 4( ( ojg - M^) ^ ^ ) 

y = 4t ( 0)2 - \) 
z = t^ -f i5M| ( o| - m|) 
and t = m| + m| - 2BI^ Wg. 
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¥e calculate the widths for the following processes 
(1) - 3tc, (2) -» Kti%, (3) (D, E) - m%; (4) (D,E) - 

and (5) t)' -* T\%%r, The graphs contributing to these processes 
are shown in Fig.1. While calculating the decay widths it ms 
noted that some of the propagators, like p . etc. , become 
singular ••n the range of integration. In order to avoid these 
singularities the finite width approximation was made and in 
propagators mass M of the inteimedjate particle was replaced 
by M - 1 r/2 where r is the width of the intermediate particle. 

The predicted values for three particle decay widths are 
given in Table IV For the A^ -» "3% decays maximum contribution 
comes from the p n intermediate state. The scalar meson and 
the direct contributions are found to be small. This is in 
contrast with some models where the direct contributions are found 
to be small^^. For the - Kmi and also for iSn: the 

K* graph contributions are large and the scalar mesons contribu- 
tions to amplitude for these processes are small. For the 
E -*■ n Ttn: decay the icjjn: intermediate state contributions are 
large as compared to that for and Sj’ states. These results 
are inagreement with results of Bhargava^^ except that in his 
work Sg- % contributes significantly to width and there is 
large interference of the ^ it and K % intermediate state con- 
tributions. 






1 

S> 

t 

s. 
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Table lY Bates (xn keV') for Three Body 
Decay Modes of Axial Vector 
Fesors and the X°. 



Decay 

Vidth 

With m the^ 

Esperimental 





limit 

value 









3ie 

67.5 

51.5 

95 ± 35 

Ka 


Rjc-jt 

52.4 

49.0 

40 - 130 

B 


kEtc 

19 5 

18.5 

69 + 4^ 

B 


rniit 

30.7 

26.5 


D 


KXtc 

0.24 

0. 6 







33 + 4*^ 

D 


nicic 

7.6 

7.1 


X° 


T\%% 

0.013 

0.010 

4 


a See Section 5.4. 


h The value cLuoted are the total widths for the decaying 
meson and the two modes are the important ones contri- 
buting to the total width. 
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3.3 Meson Meson Scattering 

The amplitude (s,t,u) for the scattering of two 

pseudo scalar mesons^^ 

+V%) +®a(‘Ja5 

is defined as 

< I S 1 I'a > = Sfi + - la) 

^atod 

X — ~'~r~ ' " *'' " 

(2tc) 

where the Mandelstam variahlea are, 
s = -{q^ + qi,) ^ 

t = -(q^ - q^)^ 

u = -(q^ - q^)2 

■fhe eeattering amplitude F, related to the differential cross 
section by, 

3^ = I 

IS, 

^ = mh— 

The partial wave expansion of the amplitude is, 

CO 

Fdqp, cos 9) = E (21+1) P]_ (cos 9) (lal"^) 

1=0 »■ 

where and 0 are square of center of mass momentum and the 


scattering angle and are related to the Mandebtam variabl,es by, 
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S — ( + W-jj) 

t = ( ©a - - 2 (1 + cos 0) 

u = - li| ^ ( 1 - cos 0) 

where, 

" 1 = 

The scattermg length, a^, and effective range, r^, 
for the 1-th partial mve are defined hy, 

Re (f^L (lil^))”'’ = a"'' + 1 r^ | q] 2 + q ( | a| 

(i) ic_._- It Scattering . 

The amplitude ^g-hcd Cs,t,u) for the process, 

’^a + "* "^c + ^d 

has the isospin structure 

Wd = ^ab *ed + ^ac ®bd ®^s,t,u) 

+ ^ad ^bc C(s,t,u), 

and the amplitudes T^ (l = 1»2,3) corresponding to the isospin 
channel I are, 

T° = 3A + B + C 
t"^ = B - C 
T^ = B + G 

We calculate the ic - it scattering amplitude in the tree 
approximation* The giaphs which contribute to the process are 
shown in Pig* 2(a), 




The amplitudes B(s,t,u) and C(s,t,u) are related to 
A(s,t,u) by crossing symmetry, 

B(s,t,u) = A(t,s,u) 

C(s,t,u) = A(u,t,s) 

An 

and A(s,t,u) is given by^ , 


A(s,t,u) = - g^^^(-2(s-2m^)^ + (t-an^)"^ + (u-2ra^)^) 
- 2gi^h4m^ - 3 s) + 

TClC % TtTt 

(gVL - 4£ ^ 


2^2 


.2n 2> 


JEJKL 




2 j- 

mp - t 


(Sgs'” 

r 

+ [“ 


,( 2 ) 

n 


.(1) 


Sn %% ~ %% ” ®S„ %% 


s) 




+ S, - sfl 


The s-wave scattering lengths are given by, 

32 nm^ a° = + • 

and 

sat B.I = .(2m|/F|)+ . . 

where the dots stand for the additional contributions c6ming 
from and exchanges and the terms written explicitly 

are the contributions of the contact term and the p -meson 
exchange. Ueglectmg the contributions of scalar mesons, which 
are less than a few percent of the total value, our results 
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4-5 

agree with soft pion calculations of Vifeinberg. In case of 
p-wave scattering we have, 

*0 i-^) - . 

P 

The leading teim an the expansion of ri^ht hand side in powers 
of ni^/iUp agrees with soft pion result 

29 

Similar observations have been made by A.K. Bhargava 
who calculated the scattering lengths in a linear phenomeno- 
logical Lagrangian model but our results are different in the 
following two respects Firstly the contributions of the 
scalar mesons to the scattering lengths are small and insensi- 
tive to variations in vg m contiast to results of Ref. 29, 
where the scalar meson contribution was found to be large and 
sensitive to variations in V 2 « fhe second difference being 
that v/e donot have to assume KSRF condition^^ to get current 
algebra results as was needed in Ref. 29. I'he numerical values 
of the scattering lengths and effective ranges are given in 
Table Y. As the scalar meson contributions are negligible the 
predicted values are close to current algebra results 

(ii) K-ic Scattering 


The isosopin structure of the sunplitude T _ , for the 

Xo. ^ 3 ^ 


procesSc 


+’'a 
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Table V lu - it Scattering Parameters, Tbe s-vave 

scattering lengths and effective ^nges 

are in units of The p-v/ave scatter— 

mg lengths and effective ranges are in 

units of and respectively. 

% »• 



^s 

0 

a^ 

^■s 

2 1 

r a ' 

s p 


Present 

model 

0.16 

-7.6 

-0.045 

64.3 0.035 

21.0 

Soft 

pion 

results 

0.17iP.02 

-7. 3+0.7 

-0 05+0.005 

6.0+0. 6 0 033+p 003 

— 

TcN-^EitN^ 

0 19iP.04 

-0.059iP 

015 

0.038 

— 


p, O+0.08 

C 0 + 1.5 
“5'2-2.0 

— 


- 


a Prom high energy peripheral reaction data (Ref. 45) 
b Prom low energy data ( see Ref. 46) . 
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is given "by, 

la, 31 ) 


X Sq 1-1 ^11 "t" 
1 ao A 



where x, x are isospm wave functions for the initial 

J 

and final kaons respectively. 


The amplitudes for the 1 = 3/2 and I = 1/2 channels are, 

1^2 ^ _ m 




■-B 




Pigure 2(h) shows the graphs which contribute to K-it 
scattering in the tree approximation. As in the case of ir-tc 
scattering we find that the and exchange, contributions 
are small and insensitive to variations in The numerical 

values for the s-wave and the p-wave scattering parameters are 
given in Table VI and are compared with soft pion results of 
Weinberg and the hard pion results of Paul Pond.^"^ 


(ill) K-K Scattering 


The amplitude the K-K scattering, 

has the form 


^I3lia “ ^ik^3l ^A ®il ®3k ^B 
and the definite isospm amplitudes are 


T" 


= 


I 


= + ''b 
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OlalDle VI K - 11 Scattering Parameters She s-wave 

parameter are in im-Lts of m and iD-v?ave 

% - 

scattering lengths and effective ranges 

_'5 

are in -units of and ra respectively. 

It It 



^1/2 

-p1/2 

a5/2 

rV2 

a 1/2 I 

.1/2 

^3/2 



s 

s 

s 

s 

P 

P 

P 

P 

Present 

model 

0.16 

-15 

-0.058 

70 

0.014 

-33 

0.0033 

170 

Soft Pion 

0.16 

-5.0 

-0.078 

17+2 

0.014 




calculation^ 

+0.02 

iP.5 

ip.ooe 

1 

ip.001 




Hard Pion 
calculation^ 

0 115 - 

-12.0 

-0.090 

14.2 

0.0153 

-35. 

5 0.005 

-35.0 


a Ref. 43 

h Ihe values quoted here are for %/F^ = 1.169 (Ref, 47). 
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The graphs contributing to K-K scattering are shown m 
J'lg. 2(c) 

The s-wave 1 = 1 and the p-wave 1=0 scattering lengths 
and effective ranges are predicted to be, 

a], = -0 096 m;"' , r’ = -0.65 m"'' 

a° = 0 0044 ®)t 

The scattering lengths are close to the values obtained 
m other effective Lagrangian models^^ No estimates for 
effective ranges are available. 

3 • 4 Meson Decays and Scattering Parameters m a Limit 

If the limit I y^l -* <» and ( v - 4v^ ~ 4 Vo 0 

taken m such a way that Eq. (2.24) is satisfied the masses of 
the Ohiral partners of the ‘would be' Gold stone bosons tend to 
infinity and so do their couplings among themselves. The masses 
of the spin one mesons, the pseudo scalar mesons and of Sg- and 
their couplings with S^, and remain unchanged* The 
processes in which the scalar mesons S^, and appear m 
the final state are not allowed. The contributions of these 
scalars to the processes, where they appear in the intermediate 
state only, vanishes in the limit. 

The three body decay widths for A 3P and r[%% change 
slightly and are given in Table IT. The meson-meson scattering 
parameters do not change significantly m the above limit. 



CHAPTER IV 


CURRENTS AHP iiBSON liECAY FOEIvi PaCTORS 


In tbis chapter we obtam the vector and axial vector 
currents Currents are used to calculate the decay constants, 
Pjr, for the scalar and pseudoscalar meson \;ealc decays 
and Ijj , f 0 for the neutral vector neson decays into lepton 
pairs l"^!” The Kt form factors arc calcula bed and discussed, 
4. 1 Currents 


The infinitesimal variations (in the matrix form) of the 


fields under a general transformation are given by. 




61vi = i(^-^) M - iM + 1 M - III --2^ 


(4.1) 


^ 


v/here . 


^1 , _ ° pi ^ 

k=1 ^ ^ 

8 t> 

= .1. < ^ 


X 



4-5 


Ilie currents are calculated using the Foethers theorem 
If the fields i)j^ transform as. 




(+. 2 ) 


where are matrices representing the group generators for 

the representation to which ^ belongs. The currents are given 


djj 


'f'l 


(4.3) 


^ e(9vV 

In the case when the transformed fields involve the deriva- 
tives of the group parameters, as in the case of gauge transfor- 
mations, the currents can he easily calculated in the following 
52 

way. Let the fields transform as, 




:(l) 


4 ^ + ^1 'f’-k 


(4.4) 


Ihen the currents are given hy, 
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+ 8u f^ 




(4.5) 


where , 


f 


QI- - ii) 
9(0y^) 


(4 6 ) 

yv ~ y 

Using the Eq (4.5) ’the vector and axial vector currents 
V, A 

j Jy"^ calculated from the Lagrangian. In terms of the 

5x3 matrices 


8 


/ - 


T2 \ 

8 


(4.7) 
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the octet currerts are given hy, 



and are given by. 


4- 

p 

II 

^ 2 

(X^ 



+ ho 

1 


+ ih„ 


2 

uv 


0 

-^V.v 

- P- 

^ 2 

(X^ 

' uv 



+ 


M 



uv 


uv 


(4.8) 


(4.9) 


(4.10) 


In the above expression the currents are I'^ritten m 
terms of the original fields etc. axid are now expressed in 
terms of the physical fields as defined in Chapter II» 


4 2 Meson Decay Constants 


The it-i and the K-, decay constants are defined by, 
ig ->-2 

< 0 1 j ^(0) 1 p^(cl) > = (4.11) 

^ (27c)^/^ir2a)^ 

Using the expressions obtained for the currents we get, 

-V2 . = (a+p) ^1/2 /yg 


\ = r2a 


9 


(4^12) 
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The decay constant of strange scalar meson is defined 


similarly hy; 


< 0 1 4 (0) 1 %((i) > = - 




'x 


I, 


(4.13) 


and we have, 




(4.14) 


The mesonic masses, the decay constants and the renonnali- 
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zation constants satisfy the Glashow - rfeinberg relations 

For the value 0.84- for the parameter 6 ffe predict 

= 1*04 , U>^5) 

We donot predict F^ since r -+ vv ) was used to fix value of g 
as discussed in Chapter III 

For the neutral vector meson decays into lepton pair the 
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decay constants arc defined by 

< 0 1 J® ® (0) 1 V^(q) > = 


m2 

^V, 


Ts; 


( V2w 


(4.16) 


The fp , fjo » f 0 are given by, 

fp = ZpV2 g , f = 2gy/sin By , f0 - 2gy/co8 Gy 



4-6 


where , 

gy = ^ s/(( ^ ooB b)^ + ( ^ sir 

tan 0 ^ = -^ tan G and tan 20 = 2^2 » 

1 mto 

The predicted values are, 

f2 /47 c = 3.-1, fl /A-% = 27.5, = 24.5 


Experimentally we have, 

f2 /4x = 1.9 ± 0.19 , /4-Tt = 14.0 + 2.8 , 

f|/47c = 11 0 + 0.9 , 

CO 

obtained from the rates for leptonic decays'^ v/hile the photo- 
production data gives53 


fp /4-it = 2.5 - 5.2 , A* = 50.0 + 7.4 , 
f|Ait = 13.6 

The predicted fp and are close to the photo 
production result while agrees with neither of the two 
exp er imenta 1 re suit s 


^Vemberg's first sum rule 

4 = ( ^ H 

®p B„ 


1 


IS satisfied m our model. The second sum rule is satisfied 
only if hg =0 is assumed. Also we do not have KSEF 
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relation nip = 21*^ gp * Numerically we have, 

“p 4 = 0.78 

4.3 Kn Pom Pactors 
“■^3 

The form factors for the decay^^ 

■^3 

K *♦ 7t° + 1” + V 


are defined hy, 

< ic°(p) 1 Jy (0) iK- (k) > = - 

(2it)^ V4aip(i>p 

X tr^ (k+p)y f^ (q.^) (k-p)y f_ (a^).l (^.17 

K*“ 

where Jy is the strangeness changing vector current and 

q2 _ _ (k_p)2. 


Por calculating the form factors we donot use the full 
current given hy Equations (4.7) - (4.10) hut use only first 
tern - the tern proportional to the field - which when 
expressed in terms of physical fields hecomes, 

J?*” = z''/2k*"+iPo SJ 


^ V (ir ay7P° - 9.0+ . . (4.18" 

4g2 a(a + y) " 


where we have omitted terms which do not cont-rihuto to 
factors The fom factors (q.^) are given hyf^ 


K-, form 
I3 
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i ( 2V2n / J1) 1 J2) 2 s 

q'^-m J ® IC K Eh ^ K Kit 

E 


% <% 2^) 


1/2 


2g‘^ a( a + Y ) 


and 


f (<i®) 


-2 


2 2 
q -an J 


2 2 

niTr - m 
K It 


m 


) ( ziA) 


K 


*2 


(g^l^ - 4 gp m I ) - 2( 

K Kit K 


h. 


„(1) (2) 

V’* ^ 

a 2": 4 ' % 

C4-I9; 


Expanding (q“) m pov/crs of q , f_^ (o) and x_^ are 


defined "bys 


f^. (4^) 


fJO) (1 + 


q.^ 


DL 


) 


It 


In our model f ^(O) obeys the Glashow Wemherg relation 

,2 

% 


( 0 ) = 


s| + - P? 


(A ZO) 


2\ 


“ 0.99 


She value of f^(0) is close to 1, the value in limit 

of exact SU(5) symmetry, in accordance with the Adcmallo 
56 

Gatto theorem Other K-, decay parameters are 

■^5 

? = f (0)/(f (0)} = - 0.28 
X, = 0 021 , X - -^0.022 

+ I— 
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55 

Experimentally the Ealitz plot analysis of decays 

gives c = - 0,15 + 0.5. The v-polarization data gives large 


and negative vf liie 5 = - 1*45+0.70 '^/hilc r / hranching 
ratio mesurcments gi,7e ? = -0 53 ± 0.1S Tho overall fit to 
the three sets of experimental data gi^’ca ? = -0.S5 + 0.20, 

= 0 45 + 0 012 The sittia bion about x_ la not clear 
and in most of the analyses it is assumed to do zero. 


Erom the expression, 

0 6457 + 3.8008x^ + 6.8120X^ + 0.1264C + 0.47 57gX^ + 0 0192 g? 

1 + 3.6995x^ + 5.4777x^^ 

for the branching ratio i ' (IC -► ti vv )/P(K -*• ue v ) we obtain 
R = 0.640 

which IS to be compared with the experimental value 0.626 + 0.19. 

57 

Using the soft pion method Ca,llan and Trieman and 
Mathur, Okubo and Pandit^®, have obtained the relacion 

f^ (q.^ = -m| ) + f _ (<3.^ = - m| ) = + •• 

where the extra terms denoted by dots vanish in the limit of 
exact SU(2) X S[J(2) syoametry. Numerically this relation is 
well satisfied m our model. The Iferd identity techniques with 
PCAO and pole dominance assumptions give relation (4.20)^®. 

This relation holds in our model as has been already remarked. 
Recently Uashen and Weinstein^^ derived the result, 
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. "Eyr "E 331-5 - m 

- C— ^"^* 22 ) 

% L n^ 

An estiniate of ri^rht hand side m our loael gives 5 = - 0.284 

which IS close to bhe value -0.2S (Oq.. 4.21) 

^r\ 

I'Tany author have calculated the i\-| fomi factors hy 

using dispersion relations and soft pion techniques, (The 

results for 5 and X depend on adaitional as urapoions raade 

dt 

about number of subtractions and on the values of il~ and 

In the hara pion approach 5 , X^ can be calculated 

if further assumptions about the Sg- meson mass ana couplings 
61 

are made , The results in this case also depend on details 
of assumptions made. 

Experimentally | is found to be negative and large As 
IS obvious from Eq. (4,2^ a large negative 5 iijay be obtained 
if Pg/P-jj IS large (<^1,5). Sib 11 value of Pg/P^ liiay be cause 
of small negative value in the present work. Large 
however, implies large 311(3) breaking by the vacuum and this 
situation cannot be obtained in our model if the scalar mesons 
are to kept around 1000 MeV, 

6P 

Brandt and Prepara ta have obtained 5 1 "by using 

a modified version of PGAC hypothesis. However, Weinstein 
has argued that their results depend not on modification of 
PCAG hypothesis but on large 30(3) violations. 
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It has been siaggested by Schilder^^ and by Amowitt, 
I'riedman and Nath^^ that a symmetry breaking term transform- 
ing as a component of (1,8) + (8,1) representation may be 
used to explain large negative c . 


I I T, KANPUR 

fyWTRAL LIBRARY 

Anm 


Acc. No 



CHiPTSR y 


ISO SPIN HElEAJdRG- EPPBCTS 


So far we have studied the iso spin conserving inter- 
actions only In this chapter, we introduce non- electromagnetic 
isospin breaking hy assuming a^ ^0 m Eq.( 2 . 6 ). The term 
a^u^ breaks the isospm invariance explicitly and transforms 
as a component of (3,3*) + (3 ,3) representation^^ The 
existence of an isospin violating piece in the lagrangian has 
been postulated hy many authors to explain the electromagnetic 

(5 7 go 

mass differences , the *♦ 3 tc decay and the origin of 
69 

Cabhiho angle Indeed If the only isospin violating effects 
are those coming from the interactions of photon e.m, mass 

70 

differences of pseudo-scalar mesons should obey the relation 



2 

m , - m 


which does not agree with the experiments In the case of 

71 

n -decays it was pointed out by Sutherland that the amplitude 

vanishes in the soft pion limit if PCAO is assumed. To explain 

the n-decays it was proposed that a term transforming as 3 rd 

component of an iso vector should be added to the ifemiltonian 

The a^u^ term has been studied by Gatto Sartori and fonin’72 and 

73 

by Oabbibo and Miani in connection with the origin of Cabbibo 
angle 
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The consistency conditions that VEV's of o' fields are 
zero are given hy Eq (2.24) where now n is given hy Eq, (5.1) 
and A is given hy Eq (2.6) v/ith a^ 0 

The physical fields are defined and masses are obtained 
in the tree approximation as in Chapter II, The Eq. (2.24) now 
gives a relation between the parameters and a^. Thus all 
the e.m, mass differences and coupling constants are functions 
of a single parameter which v/e take to be 

Eonvanishing of gives rise to the mass differences 
m various isospm multiplets. To the mass differences so 
calculated m the tree approximation the nontadpolo contribu- 
tions must be added These nontadpole contributions have been 

fn * 7/1 

estimated by many authors.^’ ^The nontadpole contribution to 

A in^(=m ^ m q) is close to the experimental value v/hile 

that for AmTr( h m „ - m . ) is not In the tree approximation 
^ K° 

m our model Am„ turns out to be small, being of the order of 
while A mg is proportional to The total mass differences 

are given in Table VII for some values of 

Eor 6* (2 x 10^) = - 4.0, we have 

m - m ^ = 2.5 MeV , m ^ - m ^ = 4.9 MeV 

P+ pO jy E 

No estimates about the nontadpole contributions to these mass 
differences are available. 
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TalDle VII Variation of the e.m. Mass differences 
of Pseudoscalar Mesons and n -* 3ii Decay 
Parameters with 5 ' . 


6' 

-3.6 

-3.8 

-4.0 

-4.2 

-4.4 

Exp . value®* 

H-f - 

4.97 

5.03 

5.08 

5.14 

5.21 

4. 604 + 

o 

o 

• 

o 

CV - V’’ 

3.31 

3.62 

3.94 

4.25 

4.57 

3.94 ± 

0 13 


0.285 

0.317 

0.349 

0.391 

0.432 

0.61 + 

0.16 

r(r,- V)° 

0.252 

0.280 

0.310 

0.342 

0.375 

0.90 + 

0 21 

R 

0.88 

0.88 

0.89 

0,87 

0.87 

1.31 + 

0.21 

1 

a 

0.10 

0.10 

0.11 

0.12 

0.12 - 

-0.50 + 

0 04 


a Experimental values are from Ref. 27 > except for a which is 
from Ref 78 

h In MeV, The values of nontadpole contributions have been 
taken from R H, So colow, Ref. 67* 


c In keV 
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111 the presence of isospin violating interactions we 
can now estimate the rates for p -* r\% and w • For 

6» = -4.0 we have, 

r (p - nit) = 3.8 IceV 

which IS well v/ithm the experimental upper limit of a few 
Me7 The width for ai -*■ it it , however, turns out to be as 
large as r (p°-+ This is because when n^ 0 the p - w 

mixing angle is largo (9 = 45°) and independent of n^* 

Therefore r((u -* tc'^te”) cannot be reduced by choosing a lower 
value for This problem is due to the nonet structure of 

the terms proportional to h^ and h^ m the lagrangian. These 
terms were essential to have to - 0 mixing and a good fit to the 
spin one meson masses. One might attempt to cure this problem 
by writing terms having same structure as these terms but with 
different coupling constants for the octet and singlet fields 
but then the number of parameters becomes too large to fix them 
from spin one meson masses alone The correct value for 

r ( (0 -* 7 c\“) will be obtained in a different model m 
Chapter 71 where vector mesons acquire masses through Higgs- 
Kibble mechanism only and the w - (|> mixing is induced by 
photon. 

The values of parameters characterizing the relative 
strengths of isospin breaking and SU(3) breaking in the lagrangian 


and by the vacuum are, 
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a = a^/ag = (0.034 - 0 043) 

5 - V’s ° 

The i&ospxn breaTcuag effects have been extensively studied m 

context of electromagnetic mass differences^'^ aud determination 

72 73 75 

of Cabibbo angle ’ Cicogna et al obtained d = (0.017-0 026) 

Vfi 

C = (0.023 - 0 030) while Parisi and Testa' obtained d = 0.027 

and 5 = 0 032 using Tferd identities to study e.ra, mass differences 

of pseudoscalar mesons. The value d = 0.05 obtained from Cabibbo 

77 

angle studies by Oakes is an the range obtained in the present 

78 

work. Othei values d = 0.017 and d = 0.88/137, however, are 
not an the range obtained in our model. 

5.2 n -* 3 ti: .Decays 

Por the T) 3-rc decays the amplitude, m, is defined by, 

< 37c, k^ , k 2 5 kj I s] (q.) > 

= (ai)''- 8 (cl - I k ) 

1=1 ( 271 :) V “2“3\ 

and the rate is obtained by integrating sq.uare of the amplitude 
as discussed an Chapter III, 

The slope, a, of the Palitz plot for the n -+ 
process is defined by, 

m_^^Q (y) = m(0) (1 + ay + 0(y^)) 

where m, is the amplitude for t) -*• and 

+— o 



y 
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and T is the kinetic energy of the it® 

7U° 

The tree dir grains v/hich contribute to the \ decays are 
shown in I'lgure 3. Using the effective vertices "Che rates 
for n “*■ and 3it° nodes, the hraijchmg ratio and the 

slope parameter a are calculated and are given in Table VII 
along with the e.m mass differences for some values of 6', 

In the range of values of determined from the pseudoscalar 
mass differences the rates and the slope parameters are lower 
than the observed values. 

Recently n -► 3'rc decays have been discussed eictensively. 

In connection with the (3,3*) + (3*»3) symmetry breaking 
scheme it has been claimed that the same set of parameters can 
explain both pseudoscclar e m mass differences and 
decays?^ Dittnor, Uondi and Eliezer®'' have recently shown that 
n -decays cannot be adequately described in any of the simple 
symmetry breaking schemes like (3j3*) + (5*>5)j (6, 6*) + (6^6) 
or (8, 8) for the total interaction Kimiltonian, ^ivack and 
Rosen®^ , from thoir study of n- decay, have concluded that the 
mass term for the psoudoscalar mesons must contain the 
(3,3*) + (3*, 3) ^ind at least one other representation and 
that the kinetic lagrangian must break chiral SU(3) 




CHAPTER VI 


A RMOR MAIIZAILE MOE EIi WITH _^pF TAin^U s 
SY^O'ETRY HRE AKHTG- 


So far 'v»e have "been sl^udyingan effective lagrangisn model 
of chiral symmetry In this model studied in Chapters II to V> 
the Lagrangian was not fully gauge invariant and also non- 
renormalizahle. In this chapter we present a model which is 
fully gauge invariant to start with and spontaneous s 3 nHmetry 
breaking is used to obtain all symmetry breaking effects includ- 
mg physical masses for the gauge fields. This is achieved 

by mtroducmg an appropriate set of scalar fields called 

2.3 "^5 

Higgs-Kibble scalars. Ve show that the Glashow - Y/einberg 

and Gell-Mann, Oakes, Renner"'^ type of symmetry breaking for 

hadrons is obtained in the limit in which the masses of some 

of the Higgs-ICibble scalar mesons become mfmite. 

6,1 'The T.agrang]an and Particle,_la3S„e^ 

The lagrangian is again written only fan the spin 0— 
mesons and the vector and axial vector gauge fields. iProm a 
study of mesonic masses it is concluded that a ninth axial 
vector mesdn cannot be included in the model and hence we 
donot insist on invarmnoe under ninth axial transformations, 
Itous « invariant under ai(3) Z S0(5) S 0(1)^^^. 

Jot the Higgs-Kihhle scalars we are forced to extaad the 
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definition of charge and hyperchargo by introducing additional 
quantum numbers Kq and The U(1) symmetry generated by Lq 

IS also gauged and as a consequence of ^j/^hich get couplings 
of photon in a naturcl Way. The effect of these couplings on 
p - 0 ) and p - 0 mixings is found bo be in agreemone v/ith the 
experiments The lepton pair decay 'constants of p°, uP and 0° 
arc also calculated 

The Higgs-Kibble scalar fields axe chosoxa to bo triplets 
0^^^ , 0^^^ (a = 1,2,3) and arc assumed to transform as (3,1) and 
(1,3) respectively Since these fields are assumed to have 
non zero VEV’s and none of these has zero charge and hypercharge 
we assume modified expressions for charge and hypercharge 

Q = T'3 + ^ ^8 

where the two nev/ quantum niimbers and Ky are assumed to be 
zero for observed hadrons and have the following values for the 
scalar fields* 

0(« = - 1/5 , Kg = 1/3 

4 % 1 Kj = 2/3 , K, = 1/3 

The Lagrangian for the gauge fields and the 0j,^j^ fields is 
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and define new fields, 

M' = k - < F > 

o 

which have zero "'rEVs. The Lagr^ngian is written in terms of 
the M' fields and various mixings arc removed as discussed in 
the appendix and nh/sicrl iiclds arc defined as m Chapter II 

The masses of vectoi and axial vector mesons are 
given hy (^assu-rrun^ -f, - {’ 2 .) , 


S 5 


m|^ = g^ f^ + 2g^ , 

ml = I g^ ( f ^ + f0 + -^ ( a + t) ^ , 

A. 

m| = ^g2 (ff + 2f2) +f 
The mass term for the neutrel vector mesons is, 

f 2 ^ ^ ^ Yp + ^ 

- i f? (- ^ ^ ? i' 

'-i 

One of the eigenvalues of the mass matrix is zero. The corres- 
ponding field, 
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IS identified witTa photon. Here we heve, 

X = T2 g'/g 

and ^ (2x^ + 3)/3 

The other three nonzero eigenvalues are squares of 
masses of p , o and 0. 


The coupling constant of hadronic e m. current 
•z 1 Y 

(Jy + 4 Jp ) IS identified with e to get, 


2 2 
A-% 4-71: ^ 


\ _ X ( g-L 


The masses of scalar and pseudo scalar ho sons same as 
m Chapter II with | 6^ f^ and ^ f^ now hoing identified 
with the parameters a and c respectively. The expressions for 
renormalization Constants for the spin zero mesons, however, 
are different and are given hy, 

= 1 + 2aV 

= 1 + (a + 

The and are now eigenvalues of the matrix 
Mp where, 

(m|) 88 “ "o +T - y Ua- T) 

C«|)o0 = -f 
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= I (a -y) (v^ (2a^ + Y^) X) 

^^^88 ~ l-Sg^ (a + 2 y)‘^/ 3iii| 

8 

(K)oo = 1-2g^ ((x - r)V 3m| 

8 

^^^08 ~ -2g^ (a -y) (a + 2r ) / 9111? 

■^8 

The parameter 6( = a/y) was varied m a suitable range. 

T’or the value 5 = 0 81 the scalar meson masses were found to he 

close to experimental values The parameters gf ^ ^ gf^j gcc were 

fixed hy taking m , m * and m. ( = 1070 MeV) as input. gVg, 

K "^1 „ 2 ° 

and g'/g were fixed hy using (m^^^ 111^2^ ^ g_g input 

The predicted values for the rest of the spin are meson masses 
are, 


^0) 

= 784 5 MeV 

(783.9 i 0.3) 

“0 

= 1017.4 MeV 

(1019.5 + 0.3) 

m-rr 

= 1239 MeV 

(1242 + 10) 


- 1 290 MeV 

(1286 + 4) 


which compare well with the experimental values given in the 
brackets above 


The pseudo scalar meson masses depend only on the para- 

Q 

meters Vq = 1 - ^’^2 ^ ^ ^ ’ ^2 ^ which were fixed by 

taking m^ , and (m^ + m^„) as input. The calculated values 

” Tt ' Jx n jy 

of m„ and m _ are, 

m^ s 529 (54-8.8+0,8), m^ = 969 (957.5 + 0,8) 
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The mg and mg^ arc predicted to be 1018 FeV and 1070 IvieV res- 
pectively and are close to the mas&os of the 7Cjj(lOl6) and 
Kjj (1080 - 1200) resonances The masses of thi. eighth and 
singlet scalar mesons depend on an additional parameter 
which cannot be dotermmod accurately* ^/hon ^2 is varied 
from 0.0 to 1.0 the masses m„ and m-' vary from 400 MeV to 
934 MoV and from 1145 MeV to 1434 UcV The resonances which 
may bo identified with these scalar mesons are one of o(410) 
and 6(700) and the S* ( 1060) respectively 


If the m variance under 9th axial transfer motions is 
required the parameter x must be set equal to zero. The ninth 
axial vector field can then be introduced as a gauge field 
In this case, however, it is not possible to obtain reasonable 
values of masses for n and X°, The masses of n , X°, Ag and 
now depend on the coupling constant of the ninth axial vector 
gauge field also. If m* and m. arc to be kept around the 
values for two of the throe possible experimental candidates 
M (950), D(1280), E(1422), m^ remans very low (~ 200 MeV) 

To explain mn the term (det M + dot seems to be necessary. 

6, 2 p - M , and p - 0 Mixings , 

We first note that in this model bhe photon has been 
naturally included which was not possible in the model I. The 
most important consequence of this is the p - u and p — ^ 
mixing induced by Vj,. These mixing s are absent when g' *= 0. 
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Thus the field Vy is no longer a pure p° field hut is a 
linear comhmation of p°, a, 0 and photon fields. Diagonalizing 
the mass matrix the physical fields are obtained as linear 
combinations of Vy » Vy ,1/^ ,aiid and these in turn can 
therefore, be expressed as linear conoinations of p , w ,0 
and photon fields As a test of p - to and f ~ 0 mixings thus 
obtained we estimate r (oi -*• 2jt) and r(0 - 211) widths to get, 

r((o -*2 jc) = 0.087 MeV 
r(0 - 2k) = 0.73 keV 

p 

where we have used r (p -* 2k) = 125 MeV to fix value of g /4-k. 
The predicted value of r(aj -* 2k) agrees with the experimental 
value (0.10 +0.03) MeV, The experimental situation about 
r (0 -*• 2k) is not clear The predicted value is well within 
the experimental upper limit of 2,4 ^eV obtained from e"** - e"* 
colliding beam experiments 

The field V^ will also couple to the e.m. currents 
of fields which are singlets under hadronic StJ(3) 2 S[J(3). 

o in# 

Thus with leptons the coupling will be of the fora Cx) 

Mow V^ IS expressed as linear combination of the neutral vector 

meson fields p , u , 0 and Ay . The ii©.trix elements for the 

vector meson decay into lepton pairs are directly obtained. 

Defining fy , the neutral vector meson decay constants, as 
^1 

in Eqn, (4. 16) we obtain, 
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Alt = 12 6, f|/4„ = 12.2 

2 2 

^cu/4-'^ = g /4ii = 2 13 These values are in better agree- 
ment With experimental values obtained from leptoiiic decay 
rates^”^ and photoproduction data^^ except that f^/^Tc from 
photoproduction is 30+7*4 which is larger than the above 
value. 

6.3 Conclusion 

In the following v/e make some concluding reaiarks 

(i) In the second model we have nob calculated the vector 

and axial vector meson decays, meson-meson scattering lengths 

and effective ranges, K-, decay form factors, and widths for 

■^3 

n "* 3%^ The effective lagrangian for hadrons is same as the 
basic lagrangian m the case of first model except for the 
non-minimal coupling terms. Therefore the axial vector meson 
decay widths are not expected to be in agreement \i'ith experi- 
ments. As the model is renormalizable the higher order 
cprrections to these may be estnudtsd and compared */ith 
experiments. The result, E-, form factors meson meson 
scattering parameters and widths for 3% decays are 
expected to be same in two models 

(ii) In the second model the auxiliary scalar fields, which 
do not get eliminated by Higgs-Kibble mechanism, do nob play 
any role. Their masses were assumed to bo mfinifcely large. 



TO 


It would be interesting if they can he identified I'lth some of 
the physical fields and their interactions with iK'drons are 
studied. 

(ill) As all bhe symmetr3’‘ breaking effects including gauge 

field masses have oeen obtained through the Higgs-ICibble 

mechanism and the basic lagrangian is gauge invariant the 

pc 85 

second model is renormalizablo^ and tree unitary. 

( iv) As the second model is renormal izable higher order 
calculations may be done and corrections to various processes 
may be calculated Higher order calculations have been done 
in spontaneously broken gauge theories of weak and e.m. 
interactions In the present case of strong anteractions 
just perturbation scheme is not meaningful In the past 
perturbative calculations supplemented by summation techniques, 
like Pade approximants, have been used to get physically 
interesting results A similar approach could be used in the 


case of second model. 
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APPBLTDIX 

glEDU AiTD RjSIOBI'IALI ZiglOH S 


In this appendix we consider the mixing pro’blem m 
various multiplets. Eirst ?/e consider the mixing of spin- 
zero and spin-one mesons, When the lagrangian is vmitten 
in terms of new fields x , 0, .. . There is a mixing of 

type yJ , 9j, X and , 9^0. Por the sake of definiteness 
we consider first the mixing "between axial vectors and 
pseudo scalars and the vector-scalar mixing can he treated m 
a similar manner. 


let the term giving the A-P mixing be written as 


U.1) 


To remove this mixing we substitute 

= y/ - I** 


ID "3 

The term (A,1) together with the mass term for IT- 
A. A. ^ 


■(- 


ID 


y 1 Y 3 


becomes 




(A, 2) 
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The terms of type *^^0 will he aosent if 

°ta = - 'kD 

Thus there is an extia Kinetic energy term for 0 fields 
in Eq., (A,2) v/hich, on using above equation, becomes, 

+ ^ ( 5 ® 5 0 ^ 

This equation has been used in writing Eq (2.2S), 

After the mixing beti/een spm one and spin zero fields 
has been removed there is mixing between 8— th and 0— th (8— th 
0— th and 3rd) components m each multiplet when = O(nj^). 
To illustrate how this mixing is removed and the physical 
fields are defined we consider the case of pseudo scalar mesons 
Other cases can be treated similarly. Let the kmetic energy 
and the mass term for these fields be ivritten as 

-■1 3p 0^ K ay0 - ^ 0 U.3) 

where 0 is a colxmm with 0® and 0® (0^y 0^ 0^) as compo- 

nents and K and are the kmetic energy and mass squared 
matrices. 

We first diagonalize the matrix K by an orthogonal 

matrix 

E = a diagonal matrix, say Kp, 
and define new fields by, 

0 * = % 0 
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In terms of tbe fields 



The expression (^, 3 ) becoTnes, 


(A.5) 


- ^ 8„ 0" " 3^" - 1 0" T vl 0" 


(A., 6) 


where is renormalized mass s^ijared matrix given by 


Ug uj 


I? 


"D 


■'K 


IS diagonalized by an orthogonal transformation to get 
squares of renormalized masses of the physical pseudoscalar 
fields defined by, 


5 



(a. 7) 


The orignai 0 fields are nov/ easily expressed in terms of 
physical fields, P, by usmg Bqs, (A. 4), (A. 5) and (A, 7) to get 

0=4 
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appendix b 

EFBEOIIl/E IlffiEE iiHD POUR POnTT VEROIICES 

In this appendix we give the structure of some strong 
interaction vertices for the first model 

yfe define and Cg- through the eqns , 

= 1/f2 g a 

Oj; = f2/g(a + f) 

Throughout this appendix 0 will denote the octet 
singlet Hmixing angle for the scalar mesons For vector and 
axaal vector mesons we define 



< 

til 


- 

and 

HI 


— 


Particle symbols will be used to denote corresponding 

fields 

( i) l/PP Vertex 

I (TCP) = X 8„s - .(aj,; X a^J) 

+ IIlf2 K*+ i 6„K + 

+ 1V2 g^ 2 . ^uv 
K'Ttc ^ 

+ E) + 9vE + . . 

0KK 0KK ^ ^ 


where % 
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g(l) = g z (ni^/4g^a^) 

4 % = (s/2) 02 z; V2 ( 1 + 4b„ g Zp ) 

4*Kn " ^ (>»o/+S^ c<(o +y)) 

®rtit " ®“^°‘ 

®S = -S % 

s^^ = -S 4 (1 + »>o (“ + V 

(ii) Al/P Vertex 
1(AW) = 

+ Cir2i g(\> <+a„ i K^ 

KaK % 

+ ir2i + ^*0 ] + •• 

KAK*it 

= -8 

= -8 Cx (1 + 4hp g Zp) 

g(''^, = (g/2) 0, (Z y% (I+ 2 I 1 S“ 

K^Kic ''■ K A K 

g(^^, = -(g/2) 0* (■'+2 Up g a (o;+y)% ) 

KfiK n: a a ii 
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( 111 ) SPP Vertex 


L( SPP) = 

y [^(1) 

1=0,8 



+ a 6 

a^KK 

,K* 6„E + 0^ 

]f2 

* ^ OqJIh: 

= g^^^ = 

^Oq-ICIC 

- 2g2 a 0^/V3 

f2 

= g^2) ^ 

^OglClt 

-U^MJ 


= g(^)_ = 

2 g^(a+r) ol/O 

cTsKK 

OoKK 

2V2g^^^ 

= = 

2 m|/T 3 (a + t) 

.gKK 



% Tt 

rt] + .. 



84 


+ - (cipK%K)^ 

+ g||^ (a„K+ e^K - 8^+e^)2 

+ C(rt^E)2_ (8„K-^)2_ (rtXBj^E+D^a 

+ Sffi (k\e) (a^K+K) + g^Urt)2 + . 

®^OT = -8^ °% 2p’ (l+Sh^g a\ )/4 

® ™ = “J V‘^8 

8^1^ “ 8^ °l °K 8”» (1+4 l>o 8“ (a+T))/4 

£. 

g| o 2 (1+2 g (4a2+(a+Y)2))/2 

^ Etc “ % ^71^ Sk-jc 

= -2(Z^-hZj,-Z^Z^) 

~ Seu 

®^Ex “ ■* gEn 

Z^\/9eaHa+y)^ 

^K% = g^a^(a+Y)^ 

4 2;'* (1+2 h^ g(a+Y)2 Zp)/2 


where , 
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S K 2-^ (1+2 gCa+y)2 Z^)/8 

^^ TCtI “ ~ (4— Zg-) Z^/6g^(a+Y)^ 



